1.3.

Sincé the plastic strain is one quartfér of the e‘lasticv str‘éin, the 'total
strain at the yield point is

e=€e+€p=%ee=%

and the stress/strain equation gives

v (2]
180 | LIE
[Y 0.75__1—_[_5_ 0.25
or E T 180 (L
.1__1_”/3 sYY/3 1 (1 )3 | 1
or E_ | 180 i = 180 | ILL - 9L3 ¢

The true strain at instability is €=0.25, while the true and nominal stres-
ses at instability are given by »

0.2 :
OB L0.25) 777 _ (9)0)1/3 (g.05)0-25

1]

3.7T1
=g [—i] =Z e =3 e 20089 .

The engineering strain at the onset of instability is given by the instzanbili-f
ty condition

45 _ 4 (g en) =00 . _O_
de de (C et) e l+e
or (L+e)ln=e, or e=n/(1l-n)
1 . 1
and € =2n(l+e) = 2n {1———] s which exceeds Q,n[ ]When e<n.
-n l-e

Since the magnitude of the total true strain at instability must be equal to
¢n{1/(1-n)}, ‘

1 L2 _ 1
n T = + n T, - Qn[l_n]

where 21 is the length of the bar at the end of compression, and %2 the lengt
at instability. Then

where %5 is the initial length of the bar.

According to the Voce equation, the instability condition is

%—g— = agg{c(l—m e M€) }=cmn e = n(c-0)




and the onset of instability corresponds to

n(C-0) =0, or G=Cn/-;(1+n) .

ne _ Cm _ n -
Hence, e =5 =1 [l__—l+nJ m(1+n)
1
and e==4n[m1+n)] , ml+n)zo0.

When m(1 +n) <1, the instability strain is zero for a rigid/plastic bar. In-
troducing ¥,

st o)« ofooa 4]

L2
C{(l-m)+m [1 - [%ﬁ]n]} = C(l-m+11;n€¥) .

The stress-strain curve is thus linearized. Note that when n=0, €%= n(L/%)=¢

The total compressive load at any stage is
P?0A=0AO[I;1—°}=0AO/(1-e) .

Since de=de/(1l-e) in compression, the differentiation of the above equatioﬁ
gives ‘

@ __ B o, oh ___h [ao
de  (L-e)2 ae + (1-e)2 " (1-e)2 [de + 0]

a’p Ao d*c | 4o 28 [do
= + — | + -+ .
de (1-e)3 [dez. de (1-e)? |ae  °
Hence, at the point of inflection (a%P/ae?=0),
e}

‘do
a?+3gz+ec=o.

The empirical stress-strain equation o= Cel' gives

dc _nog 4’0 _n 40 ng y O
de € ° de? € s'fei—n(n'l)?:?'

Hence the point of inflection corresponds

falazd) 3.0} -

or 2¢2+3ne-n(l-n)=0

or €=-]ﬁ[—3n+|/n(8+n5]

Thus, € >n corresponds to Ya(8+n) > Tn, or 8n+n?>4on?, or n<1/6.




:1.5, The nominal compressive stress at any stage is

=P _Plho|_
S_AO—A[h] o exp(e) .
By successive differentiation, we get

ds _ |49
= '[de + O}exp(s)

a%s _[d%c a0
dae? ~ [dez *23 * ]exp(s-:) *
The point of inflection corresponds to a%s/ae? =0, or

2 2
——d€2+2d0+6‘ [—@—+1]0=0

d de de
(n(n=1) . 2n i
or {———gf——+—é—+l}0—0
or e2+2ne-n(l-n) =0, or €= +V/n-n.

The inflection strain will exceed the uniaxial instability strain if vn-n >n,
or n<0.25.

1.6. The differentiation of the Ramberg-Osgood equation furnishes

3 (EJ(l-n)/n‘

de _3_
TnkE

do

=1
_E+

al-

at the onset of instability in simple tension.

Since E >>0, we have

3 ool O 1/ngl or 2 = TnEn
TnE | 0o ? 0o |3 99
.9 {7nE)", 300 (1nE
md ETE [3 Go} T8 [300]
1-n
- Tn Oo
NERES
When n=0.05 and 0p/E =0.002, the instability strain is
. 0.05
€ = 0,05 + [-O?)i] (0.0(532)0'95 = 0.0525

the percentage error being 0.25/(0.0325) = 4, 8%.




1.7.

1.8.

If plastic instability occurs simul-
taneously in the three bars, the true
strain is n; in the central bar and
ny in the inclined bars at instabili-
ty. If 0 is displaced to 0' at the

point of necking, then from geometry,

0'B= e N

O'A = 0'C = R e™? secVy.

From geometry,

22tan?Y=AB%=0'A2-0'B?

=5L2(eznzseczll,v—eznl )
or e _1 = (M2 l)sec?‘w
or - cosy = ‘\/exp(Enz) -1
exp(2n1) -1 °

During a small deformation produced by a vertical load P at O, the strains
in the vertical and inclined bars are

_Scosy _ 8§ 2
€2 Lsecy L cos "y

x|o

€1 =

respectively. When all the bars are plastic, the corresponding stresses are

n n
Y {%—%] ) g2 =Y [—%—3— coszw]

Hence the applied load is

Oy

P = A(o; +2 02 cosy)

P _ |ES 2n+1
or i [YSL] (L+2 ¢ oY)

which holds for €2 2 Y/E, or E(S/Y5L> sec 11) When only the veI't:Lcal bar is
plastic, the stresses are

o] Y [%%] R O2 =§£— ccszw .

2 _ (E)" ES 3
Hence N {Yﬂ,) +2(Y2]C§SW

which holds for €1 2Y/E and €2 € Y/E. Therefore, the restriction is
1< ES/YL € sec®P. -The results corresponding to Y = w/L and n = 0.25 are




ES/Y8 | 1.0 1.5 2.0 3.0 4.0 5.0

JeRse Sone

Equating the total work cbrresponding to
the stress-strain equations,

€0 €o n
[ (Y+He)de=C [ e ae
0 0
C 1+n _ Op €o

1 =
or Yeo+3HE =177 o =T

or 2Y+H gg =2 0o/(1+n)

The second condition furnishes the rela-
tion ‘ :

(Y+Heg) -Ceg = Q{C{Eég]n' [Y +§%]} 0

————— £ ‘80
_ n len, _ 1-n '
or 3¥+2Hey = C gy (L4277 7) = gp(1+2777) (b)
Solving (a) and (b) for Y and H, we have
= 3-n 1-n .= l1-n 2-n
y_oo[l+n-2 ] Héeo—200(2 -1+n].




1.10.

The maximum percentage error in the linear approximation over the range AB
corresponds to

_d_(l _ Y+He] _ zH+ (Y+He)(n/e) _

de cel C&:nE

or €= [lfn] % ¢ |
Hence Y +He =.1‘En=10.?n[?.;§— 2l_n}
and ce® = gy ['{%]n= % [lfn]n (H'Y€0Jn

o n n n
n 3-n 1l-n 1-n 2=-n
o(25) (-] (2 -4))

Setting n = 0.3, we get
o : !
T+He = —% (2—1 - 20'7] = Qau52hk 0p = 0.6463 oy

0.7T11.3 0.7
}}0.3

] (100) = 7.8% .

—3

1

[}
w

0.3 . .
ce® = q, {%] (0.1524)0+3 {2 [20‘7 - L

g0 (0.3060)%°3 = 0.7010 9

'0.6463

and the percentage error 1s (1 ~ 0.7010

Let r denote the current mean radius of the
ring and t the current thickness. When the
angular velocity is w, the centrifugal force
acting in an element of the ring is

F=pwr(trdd) = pw?r?tad .

For radial equilibrium, F = t0d®, or )\jf‘
| | [

o=pwtr?. ¢ \ / to
do dw _ dr’ ‘b
Hence—6—=2[-—a+—r—}. \ q8/
Since dw=0 at the onset of instabiliity, we \/
have
do _ ao _
5 - 2de , or e 20

where 0 is the uniaxial stress acting in the ring cirecumferentially, and €
the corresponding strain. BSince do/de =‘7n‘0/s by the given power law, € =n/2

6




1.1,

l.12.

at instability. The maximum angular velocity is given by

n
pw?rd = o(re/r)? = cele™® = ¢ (%} e

In a thin spherical shell under an internal pressure p, the non-zero princi-
pal stresses are each equal to 0. Thus

= - =Ex.—
0g = O = 0 = 5¢

where r is the current mean radius and t the current thickness. The compo-
nents of the strain increment are

der=-q£=—de, dee=de¢=%£=

T de .

o=

Since dp =0 at the onset of instability,

do _dp  dr _dt _3
o] jo) * r t 2 de

and the instability condition becomes

The empirical equation 0 =Cel! gives n o/e=3 c/2, or € = n at instability,

and the corresponding thickness and radius are

w|r

ct
1]

toe™F= t, exp (-~% n]

Hence, the bursting pressure is given by

p_20t _20to n_2%(2 _|"
C Cr Crq, ro |3 *

Let the longitudinal tensile stresseé existing in the inner and outer cylin--
ders, having cross-sectional areas A; and A, respectively, be denoted by o3
and 02, Then the resultant a ial tension is

= A101 + A2
Hence = [Al — + 01 — 5+[ﬁ2 3 + 02 i ]

where € is the longitudinal strain in the composite bar of length 2. Since
A% and AsQ are constants by the constancy of volume,




and A»/A; remains constant during the deformation. At the load maximum,
dP =0, giving

_ doa | doa
0=4h ( & Gl}" Az;[ dc 02]
- mo_ ny _
o (2 - 1)+ saoa (2 - 1]
or e =’A101‘n1 + A302n2 - nj + ns
A101 + A202 2

if A101 =A202 at instability. Then

A _0o1 _Ci manp _ G pitmp )T
Ay 02 C2 Cr | 2 ¢
1.13. ’ | | Let ro be initial radius to an element
t,, that is currently at a distance z from
‘0' !-— the outer edge of the lip. In view of
the incompressibility of the material,
2Trotodrg = 2matdz
or dz/dry = roto/at .

Since the state of stress is uniaxial,
the thickness strain is one half in
magnitude of the hoop strain. Hence

T I P - b o [ra
ln{to] =-3 Qn[ro}, or To N a

which gives

4z _1r9 fa _ Jpsel
drg aVrg a

r 3/2
z _ =3/2 %° _2[ro
or P f /E‘Edro-—g[f—;] .
O H
Since z=h when ro=a, we get h = % a. Also, the thickness variation is

given by

~

o (z)MP L (2)P
to a 2a *

The plastic work per unit volume of a typical element is

An(a/ro) - , 1+n
E=/odae=cC | elde = —2 [Qni] .
5 i l1+n ro




The total work done during the perforation is

: h 2T C to a a 1+n
W=2'rraof Btdz = 5 f[zn;g) ro dro

2 *® .
= TCtoa e™* xl+ndx{x=22n—?‘—]

(1+n)2¥™ ¢ to
2 2
or W=—ﬂ—%r(2+n)=ﬂ-g-§%-a—ﬂl+n) .
(1+n)2 o

When n = 0.5, we have

_TCtgal (;}=ﬂ/ﬁ:0'toazg 2
W T3 Y 7 0.984 a“t,C .

Let s denote the ineclined distance of a
typical element that was initially at a
radial distance ro from the axis of sym-
metry. The incompressibility of the
‘material requires

1.1k,

2Trotodro = 27 (b+ssina)tds .

Since the state of stress is uniaxial,
toVro = tvb+ssina .
Hence vb+ssina (ds/drg) = rovro .

The integration of this equation gives

(b+s sinOL)?’/2 -'b3/2 = ro3/2 sinoO,

Since b+ssina = a when ro = a, we have

a3/25inoc, or b =al(l -sina)2/3 .

}3/2

3/2 _ 3/2

a

s 3/2 T
Also,[l+;ssina} =l+(—,é11 sin o .

The thickness variation of the perforated plate is therefore given by

-1/3




1.15.

1.16

In the purely elastic range, the stresses are

01 =E g1 =.—-—-E26

Eegx = % cos?Y = 01 cos?P

O2

and ’éhe applied load is

P=A(01 +202 cosp) =A01 (1+2cos 3y).

Hence the elastic stresses become

o = —ELA 5, + \B/A)cos?¥

_= 1+2 cosd3y ? 1+2 cos3y

Subtracting these stresses from the fully plastic stresses of Prob. 1.8, we
obtain the residual stresses. Thus

or . (E8)™ _p/ay  _ (ES8)*[, _1%2 cos®™
Y2 1+2 cosdy Y% 1+2 cos3)

2n 2
o1’ _ E § )% cos Y -cos’y
or oy secv = - ( Y2 ] 1+2 cosdy .

Since 01 +202' cosP =0 for the unloaded structure,
0,'/Y = =(01 / 2Y)secy .

The residual deflection §' of point O is obtained by subtracting (01/E)& from
the plastic deflection 8. Thus ’

E8' _ES [ES)P[1+2 cost™ y
Y& T YR T | ¥R 142 cos3y *

When n=0.25, Y=7/4 and E§/YL =3, we get

10,25
01' _ 5 (20.25 ) (0.5)""77-0.5 1 _
. 10.25
ES' _ 0.25 [1+v2 (0.5)7°°7\ _
7 =3-0) { 1+ 0.707 }' .31z .

At the onset of instability, the
horizontal rigid bar is inclined at
an angle 6. Since the groove is
smooth, the stretched wires AB' and
CD' must remain perpendicular to the
center line of the bar. From geomet-
ry, we have

AB'

a(cos® + sinb)

C‘Dl

a cos® + b sin® .

10




1.17.

Since the logarithmic strains in AB é,nd CD are are equal to the strain-
hardening indices n and 2n respectively, AB'= a e and CD'=a e2l, Hence

a cosB+b sinf _ CD' _
a(cosB + sinB) = AB!'

or [2 —en] sind = (e®-1) cosH

and £-= el'+ (el=-1) cotf .

Also, equating AB' to a eB, we get

on I . _ 2 tanb
e™ = (cosb+sin®)*=1+sin20=1 + 1 +tan20
e2n_ 1

Considering the usual situation_e2n< 2, we obtain the solution

_1-/1-(en-1)2 1-en/2-e2n

e - 1 e2n _ 1

Hence

(ef-1)(e?B-1)

1-eh o . e2n—

P—:en.i.
a

Note that the strain-hardening exponent 2n for the wire CD will be less than
0.5 in practical situations. Hence n will be less than 0.25.

Let (%, m, n) be the direction cosines of the normal to a typical plane con-
taining the given straight line. The orthogonality of the direction (%, m,
n) and the given direction requires

0y =02 0'2—0';3, :
PR e SR =0
01 -0O3 01 =03 \

or 2%(01 -02) = n%(o2=03) .
The normal stress across this plane is

2207 +m?0, +n%03 = %07 +n203 + (1 =22 -n2)o;

)

22(01 - 02) +n%(03 - 02) +02 = 0y

and the shear stress T across this plane has direction cosines

Q’s=£[01- 0]=2’[61-02) , ms=m[02_0)=0

T T T

11




1.18.

1.19.

03 =0 2 01 =02
n. = —_—— = = — (03 =0 s
n[ ] T ( 3-92) 5,20

1}

) : -
?/(01-02)(02-03) .
In view of the identify ,Q,Sz+ m52+ ng=1, we have

T2 \01-02/801=03) = L, OF T = 5, -0,)(01 -03)

/01 - 02 02 =03
nce L =1/———— =0 n =1/—————
Henc s O,-03 ° s > s 01 - 03

which are also the direction cosines of the given straight line.

The direction cosines of the normal to the plane are denoted by (%, m, n)
with respect to the principal axes. The normal stress across the plane is

o = %201 +m202 +n?0;3 = 02
or 2201 +n03 = 02(22+n?), or &%(o1-02) = n®*(o2-03) .
If the shear stress across the plane'is T, then

T2

(82022 +m?0# +n%0d) - of

I

220:2 +n20# - (82 +n2)of = 22(0® =02 ) -n?(0? -0f)

22(02 - 02) - 22(01 - 02) (02 +03) = 22(01 - 02) (01 = 03)

But T2 is given as equal to% (01 -02)(02-03). Hence

2 _1|02-03 2 _1(01-02 2 _ 2_.2_3
. -E[O'l—()a}’ . E(ol-m]’ mt=1l-ent =g

Only positive values of £, m and n may be taken. Then the direction cosines

of the shear stress are
01 —-02 _n -
:‘/0—1_03; s Mg T (02 = 02) 0
/02 - 03
01 -03 °
When 01 +03 =2 02, we have 01 =02 =02 ~03 =%— (01 -03), and (g, mg, ng)

= (l/‘/ga 0,

stress.

&g = % (01 -02)

n
T (03 -02)

Ng

1/ /2_), which is precisely the direction of the greatest shear

The vector CF is equal to the sum of the vectors CO, OG and GF along the 03,
01 and 02 directions respectively. Since CF is in the direction of the shear
stress vector, »

OC:0G:GF = - ng:4g:mg .

12




1.20.

It follows from the similar triangle
AGF and AOB that

AF _ GF _ GF OC mg OC

AB OB 0OCOB - ~ng OB °

Since OB : 0C=n% : 4m, we have

AF _ mgfm_ mmg_n’fo-0
AB ng nf nng n2(o- 03

in view of the fact that
mg = m(02 -0)/T and ng =n(03 -0)/T.
Now,

O -0 = 0y = (220, +m20, +n203)

02(22 +1n2)=(220; + n03)
= n?(02 -03) - 2%(01 - 02) .

Since 03 is the least principal streés, o is always greater than 03, while
> H
02 <0 for

(02 -03) /(01 -02) 2 8%2/n% .

This, therefore,is the condition for F dividing AB internally or externally.

Let (%0, Yos» Zo) denote the rectangular coordinates of the given point P on
the quadric surface. Then

Xo = Ar, Yo = mr, Zo = Or

where (%, m, n) are the direction cosines of OP. The normal stress across
the plane perpendicular to OP is

_ oaxg + Oayg + Oszg _ o, c

2 2 2
0 = 201 +m“0y + n“0 * .
1 2 3 2 2

The plus or minus sign in the equation applies according as O is positive or
negative. The equation of the ta;mgen;t plane at P is

01XXp+02yyo+032z20 = £ c?
or 201x+m02y+n03z=£cz/§r .

The length of the perpendicular from the origin to the tangent plane is

c?/r c?
Y2262+ m?02 + n20# r|T]

h =

where T is the resultant stress across the plane (%, m, n). The direction
cosines of the normal to the tangent plane are proportional to (L01, mO2, nos

The normal is therefore directed along the resultant stress vector. -

13
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1.21. Introducing a factor of proportionality o, having the dimension of stress, wé

write
2 3 2
loj31 =0 |3 2 1 .
2 1 c

Let (&, m, n) be the direction cosines of the normal to the traction-free
plane. Across this plane, the components of the resultant stress are

1

T, = f Op+M Ty +n0 T g(22 +3m+2n) =0
X X Xy X2z :

=
]

0

L Tyy+m Oy +n Tyy = o(32 +2m+n)

o(22+m+Cn) =0 .

Ty = & Tyg+m Tyz+n.~Oz
The first two equations furnish

bepegoiow |

Substituting in the relation 2% +m?+n?=1, we get wA%2=1, or A = 1 /L2,

Hence

1 ok 5
% ='7i§ = O.lSh, m= - Jis - 0.617, n = = 0.772

5

The remaining equation (T, = 0) gives

_2%+m
n

- 2=-4 _
C" 5 '—'Ou)'l'.

1.22. When the principal axes of the stress are taken as the axes of reference, the
components of the resultant stress across a plane (2, m, n) are

TX=2101’ Ty=m02, Tz=n03 .

Hence
2 2 2
Tx Ty Tg 2, 2, 2
== = +m* + = .
o2 52" o2 2°+m®+n :l

The tip of the stress vector drawn from O will therefore lie on the surface
of the ellipsoid

2 2 2

x z
-—24-3124-——2=
0, 0y Oy :

whose principal axes coincide with tﬁe coordinate axes.

Let (X0, Yoo zo) be the coordinates 6f the point of intersection of OP with
the stress director surface. Then

1L




1023.

xo:yozzo=201:m0é:n§03 .

The tangent plane to this surface at (Xg, Yos Zo) has the equation

X Xo z yo Z 20
—_— + + = const.
01 O2 O3 '

or L x+m y+n z = const.

This is a plane parallel to the given plane, specified by the direction of
cosines (%, m, n) of its normal.

The direction cosines of the normal to the given oblique plane are

1-22
2

1
2.'_'008%:7—', m=n-= =_]2_-_

If 6 denotes the angle which the resultant stress vector makes with the nor-
mal to the plane, then

=1 =31 1l
cosh = 3 (28 +2m -n) —»3[/2—’+ 2]— 0.638 .

The normal and shear stresses across the plane are

T cosH 86.13 MPa

o) 135(0.638)

T =T gin® = 135(0.770) = 103.95 MPa .

Since Oy =0y, Txy =Tyy and Tyx =0, we have
% Og4m Tyy =Ty =5 T = 90
x Xy X -3

(SL+n)TXy+m o =Ty = 90

=

mTyz+nOZ=TZ=-§-T=—h5 .

Substituting the values of £, m and n into the first two equations, we obtain

V2 Op+ Tyy = 180 = (V24 1)Tyy + 0y

Xy
and the solution, since v2 Txy = (V2-1)oy, is

_ 180 V2 _ -
Ox = HZr1 105.44 MPa _foy
180

Txy = (—m = 30.88 MPa = Ty, .

The last equation then gives

oy = -(90 + Ty,) = -120.88 MPa .

|

1




1.24. The direction
the coordinate

2

n
The components

Tx

The normal and

0]

Since the comp
the coordinate

L

g

g

1.25. The invariants
Iy
I
Is

The deviatoric

Jg =

cosines of the normal to the considered plane with respect to
axes are

= m = cos TO° = 0.342

cos Lo°

0.766 ,

V1-2Z-m? = /1 -0.70k = 0.54k
of the resultant stress across the plane are

L Ox+m Txy+n Tgx

0.766 (64) +0.342 (30) +0.5L4k (55) = 89.20 MPa

L Tyy+m Oy +n Tyy

0.766 (30) +0.342 (-76) + 0.5LL (-25) = -16.61 MPa
L Tgx+m Tyg +1n Oy

0.766 (55) +0.342 (-25) +0.54k4 (L48) = 59.69 MPa .
shear stresses across the plane are
2 Ty +m Ty+n Ty

0.766 (89.20) +0.3L42 (~16.61) + 0.5L44 (59.69) = 95.12 MPa

VI + Ty + T - 0°

V(89.20)2 + (16.61)2 + (59.69)2 - (95.12)2 = 52.42 MPa .

onents of the normal stress are 20, mO and n0 with respect to
axes, the direction cosines of the shear stress are

Ty =20 _ 89.20-0.766 (95.12) _
=0 R = 0.312
Ty-mo _ -16.61-0.342 (95.12)
Y - .
i T 0.937
Tz=-n0 _ 59.69 - 0.5k (95.12) _ 155
- .

52,42

of the stress tensor dij are

Ox + Oy + 0y = T2.5-12.8 = 59.7 MPa

~OyOy + Ty + Tox = T2.5 (12.8) +(62.3)% + (45.4)% = 6870.5
- oy T = 12.8 (45.4)2 = 26382.9 .

stress invariants are

I, + % 1= 6870.5 +% (59.7)% = 8058.5

16




1.26.

Ty + £ T,T5 + = I

J3 3 o7

i

L1}

26382.9 + % (59.7)(6870.5) 4'—2% (59.7)% = 178867

. 3/2 . SR
cos3¢ = I3 [—3-] = 178867 ( 3 ] = 0,6k42L

2172 2 8058.5

or ¢ = 29_;)—03 = 16.68° , 2 1/% =2 ‘/80538'5 = 103.65 .

Hence, the deviatoric principal stresses are

5y = 2 ‘/%2 cosd = 103.65 cos 16.68° = 99.3 MPa.

s2 = =2 % cos (—g: + ¢} = -103.65 cos T76.68° = -23,9 MPa
_ J2 m - 200 =
s3 = - 1/T cos [§ - ¢} = -103.65 cos 43.32° = -75.4 MPa .

The principal stresses are now obtained by adding I,/3=19.9 MPa to the cor-
responding deviatoric components. Thus

oy = 119.2 MPa , O2 = -4.0 MPa , 03 = =55.5 MPa .

If (1, mi1, n1) are the direction cosines of the algebraically largest prin-
cipal stress 01, then

(72.5 - 119.2) %1 + 62,3 m1 - 45.h ny =0
62.3 21 - (12.8 + 119.2) m1 = O
giving the relations
m o= 0.472 2, , m ='»‘u6‘7‘£i5+§62‘3'm1 = —0.381 %1

and [1 + (0.472)2 + (0.381)%182=1 .

Hence, 21 = 0.855, m; = 0.LOkL, :n1 =-§'-0.326.

The extensional strains along OP, 0Q and OR can be expressed in terms of the
principal strains €; and €, and the angles ¥ and a. Since the angles made
by OP, 0Q and OR with the €1 direction, measured in the counterclockwise
sense, are -(Y+a), -a and (Y -a) respectively, we have

Ep =—;— (€1+€2) 'l"l (81-82) COSE(IP"'O‘)

-
S

€Q=

(e1+€2) += (e1-€2) cos2a
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\82 ER =']2‘ (e1+€2) +% (él -€3)cos(P=-a).

These expressions furnish

€p-€R =% (€1-€2)[cos2(y+a)-cos2(yP-a)]
(0] = —(81-€z)sin21psin2a :
EptER-26q = (€1—€2)[cos2(ll)+0t)+0032(1,l1—0t)
- 2cos?2 o] >
= -(81-82)(1-00321P)c052a (a)
_ |1=¢os2Vy Ep - €R.
and tagae = [ sin2{ }(SP"'ER" QEQ}
w = LEP = ER)tany
or tan2a = ep+en-2eq (b)
Also, ep+eg-2eqeos 29 = (g1 +€2)(1-cos2). - (c)

When y = 1/3, equations (a), (b) and (c) yield

1
% (€1f€2) =-3 (ep + eR - 2eq)sec 2 a
= - —%f(ep+eR-;2sQ)2 + 3(ep - €g)2
% (€1f€z) =% (ep +€q +€g)

In view of the last two relations, the principal strains are

€1, €2 =% (ep+eg+eg) ¢ %/(€P+€R-2€Q)2+3(€P €R)2 .

y l A typical particle P, moves to P during a simple

shear parallel to the x-axis, so that PoP =y, tang
From geometry,we have

o<

P P,=AP-AP, =y (cot - cotfy) =ystand

or cotby = cotb -tand .

Hence, —cbseczeo %669- = -cosec?8,

(o]

2 _ s,
oF 36 ~ sin26

The logarithmic strain associated wit?h OP and OP, is

- OPo Yo cosecby ) T | sinb

= on 2E = gn [ Yo cosect ] = n [sineg] .
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9 _ 90g _ sin20o-sin26
Hence 5= cotfy T cotb = "2 sin?0 .

The directions of maximum extension and contraction correspond to 9€/96 =0,
giving

sin26 = sin?2 6, —s1n2( “-eo], or 6 - 65 .

2

I
I+
IS E

The upper sign corresponds to maximum extension, and the lower sign to maxi-
mum contraction. Since tan® = cotby for these directions,

- tanbo = tand

tan(6, - 0) T+ tanB, tand = (cote-cote ) = tand)
or 60—6=tan—1 [%tand)]:oa, 60+6=£12T- .
Hence, -TET % 8 = * %f. %

giving the directions of lines that suffer the maximum extension and contrac-
tion. The logarithmic strain associated with these directions is

) . . .
s$in“6o | - 1 -cos260|_ 1 1+ sina
Q'n[sine} n [l—cosQG] 22’n[l;sin0t]

™
I
=

e 4 s
[_______secoc-tanon} = = {n(seca + tana)
secO 3 tano

eI

™
n
I+

or

n(tana + V1 +tan20 ) = * sinh™ ! (tana) .

Consider the unit circle x02 + yo2 = 1 in the initial
state. Since x=cXxXgand y=dy, during the straining,
the circle is deformed into the ellipse

(x/c)® + (y/&)? =1 .

The area of the circle is T, and that of the ellipse
in mTecd. The ratio of the final and initial volumes
is therefore equal to cd, which is unity only for pure
shear. The lines which remain unchanged in length
=X correspond to

2 2 _ 0,2 2 _ X
+y —;x0+yo ——c-i-+%.

o2 g2 (.2
20 s R N
Hence tan“B “1—2‘?(1-

2 . 2_2 2

The straight line initially making an angle 8, to the x-axis is finally in-
clined at an angle 0, where :
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1.29-

_y_dyo_4
tanb - ¢ %o ctaneo

The final inclination ©' of the line that is initially inclined at an angle
m/2+6 to the x-axis is given by

d il . da
tanf' =—c-ta,n [§+ 90]-——-€coteo .
Hence tan(0' -0) = tand! ~tanb __ °_cd (tanb, + cotB,)
1 + tanb' tanb c2 -4d2 o o/

The engineering shear strain associated with these two lines is

: 20 42
= I = . = c -a -d ]
Y = tan [2 - (o -9)] cot(6'-0) = - Y sin26, .

The maximum shear strain is therefore of magnitude (c¢?-d?)/2cd, correspond-
ing to 6 = + /L,

From the given expressions for the strain rates,

ex ppyx? £€X=2B*2 iy = 3C (x*+y?)
ayz ? 3x2 N H) 3% ay Yy .

The equation of strain rate compatibility then gives
2(A x2+B y2) = 6C(x2+y?), orA=B=3C.
The velocity field must be determined from the equations

oV

Bosoaaieyd) ,  gE =30yt +y)
Bu, v _ 242
8y+ ay—Zny(x +y°) .

The first two equations are integrated to

o
1]

c x3 [7:;- x2+y2]+ £(y) |

¢y [xz 2 yz] + glx)

v

and substitution into the last equation gives
£ (y)+g'(x) =0, or f'(y)=-g'(x)=D

where D is a constant. Then f(y) = Dy and g(x) = -Dx, and the velocity field
becomes

e
u=C x3 t%x2+y2]+Dy

20




1.30.

v=0Cy’ {xz + %-yz} - Dx
to within a rigid body translation. If a rigid body rotation of the material
as a whole is excluded, then D=0. Assuming this situation, the component of
spin is obtained as

During the straining, the coordinates (x,y) of a typical particle P is changed
to (x+u, y+v). The displacement of a neighboring particle Q are u+du and
v +dv, where

_fu . ,Bu P\
du = dx+aydy, dv-.-axdx+aydy.

The material line element PQ is displaced to P'Q', and the square of the strain-

ed line element is P'Q'2=(dx + du)?+(dy+dv)?. If PQ is parallel to the x-axis
(dy=0) ° 3 2 2
1912 = gu oy | 2
p1g {[1+M]+[&}}@ :

plor)_ 1 Bu , (2], (2x)?
Hence, ,Q,n[ q ] 5 n {1+2'3x2 + {Bx} 5%
2
su, 1 [ffov) _(2u)’ (a)
ox 2 (9% T |ox &
when the third order terms are disregarded. If PQ is parallel to the y-axis,

dx =0, and
2 2
2 - v 2
pw._{(l+w}+[ ]}@ .

pigr) . ov, 1f(2u)? _(av)?
Hence, SLn[ ) ]— 8y+ 2{[8§r] - [5-37] . (v)

If the principal axes of the true strain rate remain fixed in the element
during the deformation,

n -

e

to the first order. Since we are not interested in terms of order higher than
the second, we may set 9v/dx = -(9u/dy) in equation (a), and du/dy = -(9v/3x)
in equation (b), and obtain the principal strains as

. ) 5
Qu 1 du du |
B 3_>5+5{[53_’] '[535}}
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1.31.

1.32.

The square of a material line element PQ emanating from the particle P in the
unstrained state is dséz= dajdaj, where daj is the vector representing PQ.
The squared length of the line element in the strained state is

0
as® = dxpdxi = %ﬁ? 5&? dajdaj = gjjdajdaj .

2
ds | dai 1 (985) _ o nen,
nence, |55 =y (55 ) (8 = oo

where nj is the unit vector along PQ in the unstrained state. If PQ is taken
along the x-axis, n; =1 and n, =ng =0, and consequently,

2

ds _ ds _ —
[dso] = g11 or ——dso 811“ .

Similarly, ds/dsq is equal to Vgs> when PQ is taken along the y-axis, and
equal to Vgss when it is taken along the z-axis, in the initial state.

Consider an infinitesimal rectangular parallelepiped in the unstrained state
having its edges along the principal axes of g4+ These edges remain ortho-
gonal in the strained state. If the initial ana final volumes of the paral-
lelepiped are dV, and dV respectively, then dV,= dV,/gigags where g1, g2, £3
are the principal values of gij.Since PodVy = p AV, where p, and p are the
initial and final densities,

2 2
av
[%] = (a{,‘;] = g18283 = Igiji =

Ox 9%y
daj odaj

The matrix of the tensor gjj is therefore obtained by premultiplying the mat-
rix of Bxk/Ba- by its transpose. Since the determinant of a matrix is equal
to that of its transpose,

5] -

If the initial and final lengths of a material line element emanating from a
typical particle P are denoted by ds, and ds respectively, then

dxi |®
2XL R or %? =

an

0x
Baj

dsg = daj daj = 83 dag day
2 _ _ 0xk 00Xk
ds = dxp dxp = -53'—1 —3-53- day daj

|oxx @
Hence, dsz—dsoz. =[3_alii —8%};_1 8;5 | dai day .

Since the right-hand side must be equal to 2vi; daj daj, we have
oYi s = (o +u) o (ot ug) - Ois
1) T Jag kT UK/ Jgy 1SR URS T O4J

where uy is the displacement of P. Since dayx/daj = 8yj and day/daj = Okj, the
result is
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